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DISTINGUISHED DIMENSIONS FOR SPECIAL RIEMANNIAN
GEOMETRIES
PAWE NUROWSKI
Abstrat. The paper is based on relations between a ternary symmetri form
dening the SO(3) geometry in dimension ve and Cartan's works on isopara-
metri hypersurfaes in spheres. As observed by Bryant suh a ternary form
exists only in dimensions nk = 3k + 2, where k = 1, 2, 4, 8. In these dimen-
sions it redues the orthogonal group to the subgroups Hk ⊂ SO(nk), with
H1 = SO(3), H2 = SU(3), H4 = Sp(3) and H8 = F4. This enables studies
of speial Riemannian geometries with struture groups Hk in dimensions nk.
The neessary and suient onditions for the Hk geometries to admit the
harateristi onnetion are given. As an illustration nontrivial examples
of SU(3) geometries in dimension 8 admitting harateristi onnetion are
provided. Among them are the examples having nonvanishing torsion and sat-
isfying Einstein equations with respet to either the Levi-Civita or the har-
ateristi onnetions.
The torsionless models for the Hk geometries have the respetive symmetry
groups G1 = SU(3), G2 = SU(3) × SU(3), G3 = SU(6) and G4 = E6.
The groups Hk and Gk onstitute a part of the `magi square' for Lie groups.
The `magi square' Lie groups suggest studies of ten other lasses of speial
Riemannian geometries. Apart from the two exeptional ases, they have the
struture groups U(3), S(U(3) × U(3)), U(6), E6 × SO(2), Sp(3) × SU(2),
SU(6)×SU(2), SO(12)×SU(2) and E7×SU(2) and should be onsidered in
respetive dimensions 12, 18, 30, 54, 28, 40, 64 and 112. The two `exeptional'
ases are: SU(2) × SU(2) geometries in dimension 8 and SO(10) × SO(2)
geometries in dimension 32.
The ase of SU(2) × SU(2) geometry in dimension 8 is examined loser. We
determine the tensor that redues SO(8) to SU(2) × SU(2) leaving the more
detailed studies of the geometries based on the magi square ideas to the forth-
oming paper.
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1. Introdution
In a reent paper [3℄ we studied 5-dimensional manifolds (M5, g,Υ) equipped
with the Riemannian metri tensor gij and a 3-tensor Υijk suh that
i) Υijk = Υ(ijk),
ii) Υijj = 0,
iii) ΥjkiΥlmi +ΥljiΥkmi +ΥkliΥjmi = gjkglm + gljgkm + gklgjm.
It turns out that the quadrati ondition iii) selets from all the symmetri totally
trae free 3-tensors in R5 only suh whose stabilizer in SO(5) is the irreduible
SO(3).
The geometry of Riemannian 5-manifolds (M5, g,Υ) is partiularly interesting
if the tensor Υ satises the nearly integrability [3℄ ondition
(1.1) (
LC
∇v Υ)(v, v, v) ≡ 0.
In suh ase (M5, g,Υ) is naturally equipped with a unique metri so(3)-valued
onnetion ∇T whose torsion T is totally skew symmetri. We all this onnetion
the harateristi onnetion of the nearly integrable geometry (M5, g,Υ). Exis-
tene and uniqueness of the harateristi onnetion enables a lassiation of the
nearly integrable geometries (M5, g,Υ) aording to the algebrai properties of T
and the urvature K of ∇T . In Ref. [3℄ examples were given of the nearly inte-
grable geometries (M5, g,Υ) with the harateristi onnetion ∇T having K and
T of all the possible types from the above mentioned lassiation. In partiular, a
7-parameter family of suh geometries admitting at eah point two SO(3)-invariant
vetor spaes of∇T -ovariantly onstant spinors were given. However, in this family
of examples, the harateristi ∇T onnetion was at.
Properties of Υ resemble a bit properties of the tensor J , dening an almost
hermitian struture on a Riemannian manifold. For example, ondition iii) for Υ
is an algebrai ondition of the same sort as the almost hermitian ondition
(1.2) JijJjk = −gik
for J . Also, the nearly integrable ondition (1.1) for Υ is similar to the nearly
Kähler ondition
(
LC
∇v J)(v) ≡ 0
for J . Sine the almost hermitian ondition (1.2) imposes a severe restrition on
the dimension of the manifold to be even, a natural question arises if there are
some restritions on the dimensions of Rn in whih one an have a tensor with the
DISTINGUISHED DIMENSIONS FOR SPECIAL RIEMANNIAN GEOMETRIES 3
properties i)-iii). More preisely we ask the following question:
In whih dimensions n the Eulidean spae (Rn, g)
an be equipped with a tensor Υ satisfying onditions i)-iii)?
It is rather easy to show that dimensions n ≤ 4 do not admit suh tensor. Following
[3℄ we know that in dimension n = 5 the tensor Υ may be dened by
(1.3) Υijkx
ixjxk = 12 det

x
5 −√3x4 √3x3 √3x2√
3x3 x5 +
√
3x4
√
3x1√
3x2
√
3x1 −2x5

 .
Thus, Υ is dened as a tensor whose omponents are oeients of the homogeneous
polynomial of third degree obtained as the determinant of a generi 3 × 3 real
symmetri trae free matrix.
2. Dimensions 5, 8, 14 and 26
Robert Bryant [4℄ remarks that other dimensions in whih Υ with properties i)-
iii) surely exists are: n = 8, n = 14 and n = 26. This is essentially due to the fat
that numbers 5,8,14 and 26 are values of the sequene nk = 3k+2 for k = 1, 2, 4 and
8, respetively. These four values of k orresponds to the only possible dimensions
of the normed division algebras R, C, H and O. To fully explain Bryant's remark
we need some preparations.
Let K = R,C,H or O and let A ∈ M3×3(K) be a hermitian 3 × 3 matrix with
entries in K. The word `hermitian' here means that the entries aij and aji of A are
mutually onjugate in K, i.e. aji = aij for i, j = 1, 2, 3. In partiular, the entries
a11, a22, a33 ∈ R.
We may formally write
detA =
∑
π∈S3
sgnπ a1π(1)a2π(2)a3π(3),
whih after expansion reads:
detA = a11a22a33 − a12a21a33 − a13a22a31 − a11a23a32 + a13a21a32 + a12a23a31.
Note that despite of the possible nonommutativity, or even nonassoiativity, of the
produt, the values of the rst four monomials in the above formal expression are
well dened. This is beause among the three fators in eah of the four monomials,
at least one is a real number aii, the other two being either both real (in the rst
term) or onjugate to eah other (in the remaining three terms). Thus, the values
of these four monomials are real numbers and do not depend on the order of their
fators and the order of the multipliation. Passing to the last two terms in the
formula for detA we see, that a'priori there is a huge number of possibilities to
order the fators and the brakets in these two terms. But the requirement that
the sum of these terms is real redues this huge number to only 12 possibilities. It
turns out that out of these 12 possibilities only two are really dierent. They are
all equal either to (a12a23)a31 + a13(a32a21) or to (a21a32)a13 + a31(a23a12). Note
that the rst expression beomes the seond under the transformation A → A.
Moreover, suh transformation does not aet the values of the rst four terms in
detA. Summing up we have the following Lemma.
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Lemma 2.1. Given a hermitian matrix A ∈ M3×3(K) with entries aij ∈ K suh
that aji = aij , i, j = 1, 2, 3, where K = R,C,H,O, there are only two possibilities
to assign a real value to the Weierstrass formula
detA =
∑
π∈S3
sgnπ a1π(1)a2π(2)a3π(3)
for the determinant of A. These two possible values are given by
det1A = a11a22a33− a12a21a33 − a13a22a31 − a11a23a32 + a13(a32a21) + (a12a23)a31
or by
det2A = a11a22a33− a12a21a33− a13a22a31− a11a23a32+ a31(a23a12)+ (a21a32)a13.
In general det1A 6= det2A if K = H or O, but det1A→ det2A when A→ A.
Let (e0, e1, e2, e3, e4, e5, e6, e7) be the unit otonions. We have: e
2
0 = 1 = −e2µ,
eµeµ+1 = eµ+3, eµeν = −eνeµ, µ 6= ν = 1, 2, 3, ..., 7, with additional relations
resulting from the yli permutation of eah triple (eµ, eµ+1, eµ+3).
It is onvenient to introdue
X1 = x1e0 + x
6e1 + x
9e2 + x
10e4 + x
15e3 + x
16e5 + x
17e6 + x
18e7,
X2 = x2e0 + x
7e1 + x
11e2 + x
12e4 + x
19e3 + x
20e5 + x
21e6 + x
22e7,
X3 = x3e0 + x
8e1 + x
13e2 + x
14e4 + x
23e3 + x
24e5 + x
25e6 + x
26e7.
Then X1, X2, X3 are three generi otonions. We an onsider them to be the
generi quaternions if xI = 0 for all I = 15, 16, , 17, ..., 26, and three generi omplex
numbers if xI = 0 for all I = 9, 10, , 11, ..., 26. If xI = 0 for all I = 6, 7, , 8, ..., 26 then
X1, X2, X3 are three generi real numbers. Using this we dene a 3× 3 hermitian
matrix
(2.1) A =


x5 −√3 x4 √3 X3 √3 X2√
3 X
3
x5 +
√
3 x4
√
3 X1√
3 X
2 √
3 X
1 −2x5


in full analogy to the matrix entering the formula (1.3). Now, we have two `har-
ateristi polynomials': det1(A− λI) and det2(A− λI). They an be written as:
det1(A− λI) = −λ3 − 3g( ~X, ~X)λ+ 2Υ1( ~X, ~X, ~X),
det2(A− λI) = −λ3 − 3g( ~X, ~X)λ+ 2Υ2( ~X, ~X, ~X),
where ( ~X)I = xI , I = 1, 2, 3, .., nk = 3k+ 2 and k = 1, 2, 4, 8. The bilinear form is:
g( ~X, ~X) = (x1)2 + (x2)2 + ...+ (xnk)2 = gIJx
IxJ
and the two ternary forms are
Υ1( ~X, ~X, ~X) =
1
2det1A and Υ2(
~X, ~X, ~X) = 12det2A.
Now, we have the following proposition, whih is our formulation of Bryant's [4℄
remark.
Proposition 2.2. If I, J,K = 1, 2, 3, ..., nk = 3k+2, k = 1, 2, 4, 8, then the tensors
Υ1IJK and Υ
2
IJK given by
ΥaIJK =
1
6
∂3Υa( ~X, ~X, ~X)
∂xI∂xJ∂xK
a = 1, 2,
satisfy
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i) ΥaIJK = Υ
a
(IJK),
ii) ΥaIJJ = 0,
iii) ΥaJKIΥ
a
LMI +Υ
a
LJIΥ
a
KMI +Υ
a
KLIΥ
a
JMI = gJKgLM + gLJgKM + gKLgJM .
They redue the GL(Rnk) group, via O(nk), to its subgroup Hk, where Hk is the
irreduible SO(3) in SO(5) if k = 1, the irreduible SU(3) in SO(8) if k = 2, the
irreduible Sp(3) in SO(14) if k = 4 and the irreduible F4 in SO(26) if k = 8.
If k = 1, 2 the tensors Υ1IJK and Υ
2
IJK oinide. If k = 3, 4 they belong to the
same O(nk) orbit and are related by the element diag(1, 1, 1, 1, 1,−1,−1, , ...,−1) of
O(nk). For k = 3, 4 tensors Υ
1
IJK and Υ
2
IJK are not equivalent under the SO(nk)
ation.
The above proposition gives examples of a tensor with all the properties of tensor
Υ in dimensions n = 5, 8, 14 and 26. It is remarkable that it an be proven that
these examples exhaust all the possibilities!
To disuss this statement we need to invoke Elie Cartan's results on `isopara-
metri hypersurfaes in spheres' [7℄.
3. Isoparametri hypersurfaes in spheres
We reall (see. e.g. [15℄) that a hypersurfae in a real Riemannian manifold M
of onstant urvature is alled isoparametri i it has onstant prinipal urvatures.
Tuglio Levi-Civita [14℄ knew that the number of suh distint urvatures was at
most two for the Eulidean spae M = R3. The ase of M = Rn with arbitrary
n > 3 is similar. It was shown by Beniamino Segre [16℄ that irrespetively of n
the number of distint prinipal urvatures of an isoparametri hypersurfae in
M = Rn is at most two. Elie Cartan [6℄ extended this result to the isoparametri
hypersurfaes in the hyperboli spaes Hn again showing that in suh ase the
number of possible distint prinipal urvatures is at most two. The situation is
quite dierent for isoparametri hypersurfaes in spheres Sn. In partiular Cartan
in Ref. [7℄ found examples of isoparametri hypersurfaes in spheres with three
dierent prinipal urvatures, eah of whih had the same multipliity. He also
introdued a homogeneous polynomial
F : Rn → R
of degree p satisfying the dierential equations
Cii) △F = 0(3.1)
Ciii) |~∇F |2 = p2 ( (x1)2 + (x2)2 + ...+ (xn)2 )(p−1).(3.2)
and proved that all the isoparametri hypersurfaes in Sn−1 whih have p dierent
onstant prinipal urvatures of the same multipliity are given by
(3.3) Sc = {xI ∈ Rn | F = c and (x1)2 + (x2)2 + ...+ (xn)2 = 1},
i.e. that they are the level surfaes of suh polynomials F restrited to the sphere.
Cartan found all the homogeneous harmoni polynomials of degree p = 3 satis-
fying ondition Ciii). On doing that he proved [7℄ that suh polynomials an exist
only if n = nk = 5, 8, 14, 26. In these four dimensions he found that the most
general form of the polynomials is
F =
nk∑
I,J,K=1
ΥaIJKx
IxJxK ,
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were ΥaIJK is one of the two tensors appearing in Proposition 2.2. Writing a generi
homogeneous polynomial of degree p as F = ΥI1I2...Ipx
I1xI2 ...xIp we see that it sat-
ises Cartan's onditions Cii)-Ciii) i the totally symmetri tensorΥI1I2...Ip satises
Cii′) ΥJJJ3J4...Jp = 0
Ciii′) ΥJ(J2J3...JpΥK2K3...Kp)J = g(J2K2gJ3K3 ...gJpKp),
where gIJ = diag(1, 1, ..., 1). Note that in ase p = 3 the above tensor redues to
ΥIJK and onditions Cii') and Ciii') beome exatly the respetive onditions ii)
and iii) of Proposition 2.2. Sine ΥIJK is totally symmetri also the ondition i)
is satised. Thus, Cartan's nding of all isoparametri hypersurfaes with three
onstant distint prinipal urvatures of the same multipliity solves our problem
of dimensions in whih the tensor Υ may exist. Summarizing we have the following
theorem, whih is a reformulation of the above mentioned Cartan's results.
Theorem 3.1. An Rn with the standard Eulidean metri gIJ admits a tensor
ΥIJK with the properties
i) ΥIJK = Υ(IJK),
ii) ΥIJJ = 0,
iii) ΥJKIΥLMI +ΥLJIΥKMI +ΥKLIΥJMI = gJKgLM + gLJgKM + gKLgJM
if and only if n = nk = 3k + 2 for k = 1, 2, 4, 8. Modulo the ation of the SO(nk)
group all suh tensors are given by Proposition 2.2.
4. Representations of SU(3), Sp(3) and F4.
It is known that there are real irreduible representations of the group SU(3) in
dimensions:
1, 8, 20, 27, 70.
Also, there are real irreduible representations of the group Sp(3) in dimensions:
1, 14, 21, 70, 84, 90, 126, 189, 512, 525
and there are real irreduible representations of the group F4 in dimensions:
1, 26, 52, 273, 324, 1053, 1274, 4096, 8424.
To see how these representations appear we onsider a vetor spae Rnk , nk =
5, 8, 14, 26 equipped with the Riemannian metri g and the orresponding tensor
Υ1IJK of Proposition 2.2. As we know the stabilizer Hk of Υ
1
is a subgroup of
SO(nk), whih when nk is 5, 8, 14 and 26 is, respetively, SO(3),SU(3),Sp(3) and
F4. Now, the tensorΥ
1
an be used to deompose the tensor produt representation⊗2
Rnk of the group Hk onto the real irreduible omponents as follows. First, we
dene an endomorphism
(4.1) Υˆ :
⊗2
Rnk −→⊗2Rnk ,
W IK
Υˆ7−→ 4 Υ1IJMΥ1KLMW JL,
whih preserves the deomposition
⊗2
Rnk =
∧2
Rnk⊕⊙2Rnk . Seond, we look for
its eigenspaes, whih surely are Hk invariant. We have the following proposition.
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Proposition 4.1.
1) If nk = 5 then
⊗2
Rnk = 5
∧2
3 ⊕ 5
∧2
7 ⊕ 5
⊙2
1 ⊕ 5
⊙2
5 ⊕ 5
⊙2
9,
where
5⊙2
1 = { S ∈
⊗2
R5 | Υˆ(S) = 14·S } = {S = λ·g, λ ∈ R },
5∧2
3 = { F ∈
⊗2
R5 | Υˆ(F ) = 7·F } = so(3),
5⊙2
5 = { S ∈
⊗2
R5 | Υˆ(S) = −3·S },
5∧2
7 = { F ∈
⊗2
R5 | Υˆ(F ) = −8·F },
5⊙2
9 = { S ∈
⊗2
R5 | Υˆ(S) = 4·S }.
The real vetor spaes
5
∧2
i ⊂
∧2
R5 and 5
⊙2
j ⊂
⊙2
R5 of respetive dimensions i
and j are irreduible representations of the group SO(3).
2) If nk = 8 then
⊗2
Rnk = 8
∧2
8 ⊕ 8
∧2
20 ⊕ 8
⊙2
1 ⊕ 8
⊙2
8 ⊕ 8
⊙2
27,
where
8⊙2
1 = { S ∈
⊗2
R8 | Υˆ(S) = 20·S } = {S = λ·g, λ ∈ R },
8∧2
8 = { F ∈
⊗2
R8 | Υˆ(F ) = 10·F } = su(3),
8⊙2
8 = { S ∈
⊗2
R8 | Υˆ(S) = −6·S },
8∧2
20 = { F ∈
⊗2
R8 | Υˆ(F ) = −8·F },
8⊙2
27 = { S ∈
⊗2
R8 | Υˆ(S) = 4·S }.
The real vetor spaes
8
∧2
i ⊂
∧2
R8 and 8
⊙2
j ⊂
⊙2
R8 of respetive dimensions i
and j are irreduible representations of the group SU(3). The representations
∧2
8
and
⊙2
8 are equivalent.
3) If nk = 14 then
⊗2
Rnk = 14
∧2
21 ⊕ 14
∧2
70 ⊕ 14
⊙2
1 ⊕ 14
⊙2
14 ⊕ 14
⊙2
90,
where
14⊙2
1 = { S ∈
⊗2
R14 | Υˆ(S) = 32·S } = {S = λ·g, λ ∈ R },
14∧2
21 = { F ∈
⊗2
R14 | Υˆ(F ) = 16·F } = sp(3),
14⊙2
14 = { S ∈
⊗2
R14 | Υˆ(S) = −12·S },
14∧2
70 = { F ∈
⊗2
R14 | Υˆ(F ) = −8·F },
14⊙2
90 = { S ∈
⊗2
R14 | Υˆ(S) = 4·S }.
The real vetor spaes
14
∧2
i ⊂
∧2
R14 and 14
⊙2
j ⊂
⊙2
R14 of respetive dimensions
i and j are irreduible representations of the group Sp(3).
4) If nk = 26 then
⊗2
Rnk = 26
∧2
52 ⊕ 26
∧2
273 ⊕ 26
⊙2
1 ⊕ 26
⊙2
26 ⊕ 26
⊙2
324,
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where
26⊙2
1 = { S ∈
⊗2
R26 | Υˆ(S) = 56·S } = {S = λ·g, λ ∈ R },
26∧2
52 = { F ∈
⊗2
R26 | Υˆ(F ) = 28·F } = f4,
26⊙2
26 = { S ∈
⊗2
R26 | Υˆ(S) = −24·S },
26∧2
273 = { F ∈
⊗2
R26 | Υˆ(F ) = −8·F },
26⊙2
324 = { S ∈
⊗2
R26 | Υˆ(S) = 4·S }.
The real vetor spaes
26
∧2
i ⊂
∧2
R26 and 26
⊙2
j ⊂
⊙2
R26 of respetive dimensions
i and j are irreduible representations of the group F4.
Remark 4.2. Aording to this proposition we may identify spaes Rnk with the
representation spaes
nk
⊙2
nk
orresponding to the eigenvalues 2−nk of Υˆ. Noting
that the dimension of the group Hk is
dimHk = 4k − 1 + (k − 1) log2 k, k = 1, 2, 4, 8
and introduing sk =
9
2k(k + 1), we see that
• the eigenvalues of Υˆ orresponding to spaes nk⊙21 are 4 + 2nk,
• the eigenvalues orresponding to spaes nk∧2dimHk are 2 + nk,
• the eigenvalues orresponding to spaes nk∧2(sk+1−dimHk) are always −8,
• the eigenvalues orresponding to spaes nk⊙2sk are always +4.
We also note that we may identify the Lie algebras hk ofHk with the representations
nk
∧2
dimHk
.
5. Hk strutures on Riemannian manifolds
Denition 5.1. An Hk struture on a nk-dimensional Riemannian manifold (M, g)
is a struture dened by means of a rank 3 tensor eld Υ satisfying
i) ΥIJK = Υ(IJK),
ii) ΥIJJ = 0,
iii) ΥJKIΥLMI +ΥLJIΥKMI +ΥKLIΥJMI = gJKgLM + gLJgKM + gKLgJM .
Denition 5.2. Two Hk strutures (M, g,Υ) and (M¯, g¯, Υ¯) dened on two re-
spetive nk-manifolds M and M¯ are (loally) equivalent i there exists a (loal)
dieomorphism φ : M → M¯ suh that
φ∗(g¯) = g and φ∗(Υ¯) = Υ.
If M¯ = M , g¯ = g, Υ¯ = Υ the equivalene φ is alled a (loal) symmetry of (M, g,Υ).
The group of (loal) symmetries is alled a symmetry group of (M, g,Υ).
As we now the tensor eld Υ redues the struture group of the bundle of orthonor-
mal frames over M to one of the groups Hk of Proposition 2.2. We also know that
the Lie algebra hk of Hk is isomorphi to hk ≃ nkΛ2dimHk ⊂ ⊗2Rnk of Proposition
4.1. Thus, at eah point, every element F of the Lie algebra hk may be onsidered
to be an endomorphism of Rnk . This denes an element
f = exp(F ) ∈ Hk ⊂ SO(nk) ⊂GL(nk,R)
and, point by point, indues the natural ation ρ(f) of the group Hk on the vetor-
valued 1-forms
θ = (θ1, θ2, θ3, . . . , θnk) ∈ Rnk ⊗ Ω1(M)
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by:
(5.1) θ 7→ θ˜ = ρ(f)(θ) = f ·θ.
This, enables for loal desription of a Hk struture on M by means of a oframe
(5.2) θ = (θI) = (θ1, θ2, θ3, . . . , θnk)
on M , given up to the Hk transformations (5.1).
For suh a lass of oframes the Riemannian metri g is
g = θ21 + θ
2
2 + θ
2
3 + · · ·+ θ2nk ,
and the tensor Υ, reduing the struture group from SO(nk) to Hk, is
(5.3) Υ = Υ1IJKθ
IθJθK ,
where Υ1 is dened in Proposition 2.2.
Denition 5.3. An orthonormal oframe (θ1, θ2, θ3, . . . , θnk) in whih the tensor
Υ of an Hk struture (M, g,Υ) is of the form (5.3) is alled a oframe adapted to
(M, g,Υ), an adapted oframe, for short.
Given an Hk struture as above, we onsider an arbitrary hk-valued onnetion
on M . This may be loally represented by means of an hk-valued 1-form Γ given
by
(5.4) Γ = (ΓIJ) = γ
αEα, α = 1, 2, . . . , dimHk
where γα are 1-forms on M and for eah α the symbols Eα = (Eα
I
J) denote
onstant nk × nk-matries whih form a basis of the Lie algebra hk. The expliit
expressions for Eα are presented in the Appendix. The onnetion Γ, having values
in hk ⊂ so(nk), is neessarily metri. Via the Cartan struture equations,
(5.5) dθI + ΓIJ ∧ θJ = T I
(5.6) dΓIJ + Γ
I
K ∧ ΓKJ = RIJ ,
it denes the torsion 2-form T I and the hk-urvature 2-form R
I
J . Using these forms
we dene the torsion tensor T IJK ∈ (Rnk ⊗
∧2
Rnk) and the hk-urvature tensor
rαJK ∈ (hk ⊗
∧2
Rnk), respetively, by
T I =
1
2
T IJKθ
J ∧ θK
and
(5.7) RIJ =
1
2
rαKLθ
K ∧ θLEαIJ .
The onnetion satises the rst Bianhi identity
(5.8) RIJ ∧ θJ = DT I
and the seond Bianhi identity
(5.9) DRIJ = 0,
with the ovariant dierential dened by
DT I = dT I + ΓIJ ∧ T J , DRIJ = dRIJ + ΓIK ∧RKJ −RIK ∧ ΓKJ .
Sine the Hk preserves g and Υ we have the following proposition.
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Proposition 5.4. Every hk-valued onnetion Γ of (5.4) is metri
Γ
∇v (g) ≡ 0
and preserves tensor Υ
Γ
∇v (Υ) ≡ 0 ∀v ∈ TM.
6. Charateristi onnetion
In this setion we onsider Hk strutures (M, g,Υ) with Levi-Civita onnetion
LC
Γ ∈ so(nk)⊗ Rnk uniquely deomposable aording to
(6.1)
LC
Γ = Γ + 12T,
where Γ ∈ hk ⊗ Rnk and T ∈
∧3
Rnk .
Suh Hk strutures are interesting, sine for them, ontrary to the generi ase,
the deomposition (6.1) denes a unique hk-valued onnetion Γ. Moreover, given
the unique deomposition (6.1), we may rewrite the Cartan struture equations
dθI +
LC
Γ
I
J ∧ θJ = 0
for the Levi-Civita onnetion
LC
Γ into the form
dθI + ΓIJ ∧ θJ = 12T IJKθJ ∧ θK
and to interpret T as the totally skew symmetri torsion of Γ.
Denition 6.1. A hk-valued onnetion Γ of a Hk struture (M, g,Υ) admitting
the unique deomposition
LC
Γ = Γ + 12T, with Γ ∈ hk ⊗ Rnk and T ∈
∧3
Rnk
is alled the harateristi onnetion.
Sine Γ ∈ hk⊗Rnk and T ∈
∧3
RnK it is obvious from (6.1) that the Levi-Civita
onnetion
LC
Γ of Hk strutures whih admit harateristi onnetions must satisfy
(6.2)
LC
Γ ∈ [hk ⊗ Rnk ] +
∧3
Rnk .
Moreover, sine dim(hk⊗Rnk)+dim(
∧3
Rnk) < dim(so(nk)⊗Rnk) then it is obvious
that the unique deomposition (6.1) is not possible for all Hk strutures. Our aim
now is to haraterize Hk strutures admitting harateristi onnetion.
Following [3℄ we introdue the following denition.
Denition 6.2. An Hk struture (M, g,Υ) is alled nearly integrable i
(6.3) (
LC
∇v Υ)(v, v, v) ≡ 0
for the Levi-Civita onnetion
LC
∇ and for every vetor eld v on M ..
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The ondition (6.3), when written in an adapted oframe (5.2), is
(6.4)
LC
ΓM(JI ΥKL)M ≡ 0,
where
LC
ΓMJ =
LC
ΓMJKθ
K
denotes the so(nk)-valued 1-form orresponding to the
Levi-Civita onnetion
LC
∇. This motivates an introdution of the map
Υ′ :
∧2
Rnk ⊗ Rnk 7→⊙4Rnk
suh that
Υ′(
LC
Γ )IJKL = 12
LC
ΓM(JI ΥKL)M
=
LC
ΓMJI ΥMKL +
LC
ΓMKI ΥJML +
LC
ΓMLI ΥJKM
+
LC
ΓMIJ ΥMKL +
LC
ΓMKJ ΥIML +
LC
ΓMLJ ΥIKM(6.5)
+
LC
ΓMIK ΥMJL +
LC
ΓMJK ΥIML +
LC
ΓMLK ΥIJM
+
LC
ΓMIL ΥMJK +
LC
ΓMJL ΥIMK +
LC
ΓMKL ΥIJM .
Comparing this with (6.4) we have the following proposition.
Proposition 6.3. An Hk struture (M, g,Υ) is nearly integrable if and only if its
Levi-Civita onnetion
LC
Γ ∈ kerΥ′.
It is worthwhile to note that eah of the last four rows of (6.5) resembles the
l.h.s. of equality
XMJΥMKL +XMKΥJML +XMLΥJKM = 0
satised by every matrix X ∈ hk = nk
∧2
dimHk
. Thus, hk ⊗ Rnk ⊂ kerΥ′. Due to
the rst equality in (6.5) we also have
∧3
Rnk ⊂ kerΥ′. This proves the following
Lemma.
Lemma 6.4. Sine
hk ⊗ Rnk ⊂ kerΥ′ and
∧3
Rnk ⊂ kerΥ′
then
([hk ⊗ Rnk ] +
∧3
Rnk) ⊂ kerΥ′.
Thus, omparing this with (6.2) we have the following Proposition.
Proposition 6.5. Among all Hk strutures only the nearly integrable ones may
admit harateristi onnetion.
It is known [3℄ that if nk = 5 then the nearly integrability ondition is also
suient for the existene of a harateristi onnetion. To see that it is no longer
true for all nk we need to see how the intersetions [hk ⊗ Rnk ] ∩
∧3
Rnk and the
algebrai sums [hk⊗Rnk ]+
∧3
Rnk depend on the dimension nk. After some algebra
we arrive at the following proposition.
Proposition 6.6.
• If nk = 5 or nk = 14 then
kerΥ′ = [hk ⊗ Rnk ]⊕
∧3
Rnk .
• If nk = 8 then
kerΥ′ = [su(3)⊗ R8] +∧3R8 and [su(3)⊗ R8] ∩∧3R8 = 8⊙21.
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• If nk = 26 then
kerΥ′ = [f4 ⊗ R26]⊕
∧3
R26 ⊕ 26∧252.
• In partiular, for nk = 5, 14 and 26 we have [hk ⊗ Rnk ] ∩
∧3
Rnk = {0}.
This implies the following Theorem.
Theorem 6.7. In dimensions nk = 5 and nk = 14 the neessary and suient
ondition for a Hk struture (M, g,Υ) to admit a harateristi onnetion is that
(M, g,Υ) is nearly integrable
(
LC
∇v Υ)(v, v, v) ≡ 0.
Proposition 6.6 also implies that the nearly integrableHk strutures in dimension
nk = 8 admit deomposition (6.1). However, in this dimension ondition (6.1)
determins the onnetion Γ and the torsion T up to an additional freedom. Due to
the 1-dimensional intersetion [su(3)⊗R8]∩∧3R8 = 8⊙21 we see that in suh ase
there is a 1-parameter family of onnetions Γ(λ) ∈ su(3) ⊗ R8 and 1-parameter
family of skew symmetri torsions T (λ) ∈ ∧3R8 suh that
(6.6)
LC
Γ = Γ(λ) + 12T (λ).
It is lear that for nk = 8, the requirement (6.1) uniquely determines Γ ∈ su(3)⊗R8
and T ∈ ∧3R8 only if we restrit ourselves to the nearly integrable SU(3) strutures
for whih the Levi-Civita onnetion
LC
Γ is in the 118-dimensional spae 8V suh that
8V⊕8⊙21 = kerΥ′. It follows that this spae has the following deomposition under
the SU(3) ation 8V = 2 8⊙227 ⊕ 2 8∧220 ⊕ 3 8⊙28. It is onvenient to extend this
notation and to introdue vetor spaes
nkV to be subspaes of kerΥ′ suh that:
nkV = kerΥ′ for nk = 5, 14
8V = 2 8⊙227 ⊕ 2 8∧220 ⊕ 3 8⊙28  kerΥ′,
26V = [f4 ⊗ R26]⊕
∧3
R26  kerΥ′.
Using these we have the following denition
Denition 6.8. An Hk struture (M, g,Υ) is alled restrited nearly integrable i
its Levi-Civita onnetion
LC
Γ ∈ nkV.
Remark 6.9. Note that for nk = 5 or nk = 14 the term: restrited nearly integrable
is the same as: nearly integrable.
Looking again at Proposition 6.6 we see that the above restrition for the nearly
integrable SU(3) or F4 strutures in respetive dimensions nk = 8 and nk = 26 is
preisely the one that gives the suient onditions for the existene and uniqueness
of the harateristi onnetion. Summarizing we have the following theorem.
Theorem 6.10. A neessary and suient ondition for a Hk struture (M, g,Υ)
to admit a harateristi onnetion is that this struture is restrited nearly inte-
grable.
Remark 6.11. Note, that if nk = 5 then, out of the a priori 50 independent ompo-
nents of the Levi-Civita onnetion
LC
Γ , the (restrited) nearly integrable ondition
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(6.1) exludes 25. Thus, heuristially, the (restrited) nearly integrable SO(3)
strutures onstitute `a half' of all the possible SO(3) strutures in dimension 5.
If nk = 8 the Levi-Civita onnetion has 224 omponents. The restrited nearly
integrable ondition redues it to 118. For nk = 14 these numbers redue from 1274
to 658. For nk = 26 the redution is from 8450 to 3952.
7. Classifiation of the restrited nearly integrable Hk strutures
We lassify the possible types of the restrited nearly integrable Hk strutures
aording to the Hk irreduible deompositions of the spaes
∧3
Rnk in whih the
torsion T of their harateristi onnetions live. Using a omputer algebra pakage
for Lie group omputations `LiE' [13℄ we easily arrive at the following proposition.
Proposition 7.1. Let (M, g,Υ) be a restrited nearly integrable Hk struture. The
Hk irreduible deomposition of the skew symmetri torsion T of the harateristi
onnetion for (M, g,Υ) is given by:
• T ∈ 5∧27 ⊕ 5∧23, for nk = 5,
• T ∈ 8⊙227 ⊕ 8∧220 ⊕ 8⊙28 ⊕ 8⊙21, for nk = 8,
• T ∈ 14V189 ⊕ 14V84 ⊕ 14
∧2
70 ⊕ 14
∧2
21, for nk = 14,
• T ∈ 26V1274 ⊕ 26V1053 ⊕ 26
∧2
273, for nk = 26.
Here
nkVj denotes irreduible j-dimensional representations of Hk whih were not
present in the Hk deomposition of
⊗2
Rnk .
This provides an analog of the Gray-Hervella [11℄ lassiation for the restrited
nearly integrable Hk strutures.
We lose this setion with a remark on possible types of the urvature R of the
harateristi onnetions.
Remark 7.2. In the below formulae
nkVj denote j-dimensional irreduible represen-
tation spae for Hk whih did not appear in Proposition 4.1.
• If nk = 5 then R ∈ 5
⊙2
9 ⊕ 5
∧2
7 ⊕ 2 5
⊙2
5 ⊕ 5
∧2
3 ⊕ 5
⊙2
1
• If nk = 8 then R ∈ 8V70 ⊕ 3 8
⊙2
27 ⊕ 2 8
∧2
20 ⊕ 4 8
⊙2
8 ⊕ 8
⊙2
1.
• If nk = 14 then R ∈ 14V525⊕14V512⊕2 14V189⊕14V126⊕2 14
⊙2
90⊕2 14
∧2
70⊕
14
∧2
21 ⊕ 2 14
⊙2
14 ⊕ 14
⊙2
1.
• If nk = 26 then R ∈ 26V8424 ⊕ 26V4096 ⊕ 26V1274 ⊕ 26V1053 ⊕ 26V ′1053 ⊕
2 26
⊙2
324 ⊕ 26
∧2
273 ⊕ 26
∧2
52 ⊕ 26
⊙2
26 ⊕ 26
⊙2
1.
Note that, due to the restrited nearly integrability ondition, it is rather unlikely
that R may attain values in all of the above irreduible parts.
8. Dimensions 12, 18, 28, 30, 40, 54, 64 and 112; the `exeptional' 8 and
32
8.1. Torsionless models. It is obvious that the simplest restrited nearly inte-
grable Hk strutures have the harateristi onnetion Γ with vanishing torsion
T ≡ 0. For them
LC
Γ = Γ ∈ hk ⊗ Rnk ,
hene their Riemannian holonomy group is redued from SO(nk) to the group Hk.
Sine Hk ⊂ SO(nk) in the respetive dimensions nk = 5, 8, 14 and 26 are not
present in the Berger list of the Riemannian holonomy groups [1℄, the only possible
restrited nearly integrable Hk strutures with T ≡ 0 must be loally isometri to
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the symmetri spaesM = Gk/Hk. The Lie group Gk appearing here must to have
dimension dimGk = nk + dimHk. Looking at Cartan's list [5℄ of the irreduible
symmetri spaes (see e.g. [2℄ pp. 312-317) we have the following Theorem.
Theorem 8.1. All Hk strutures with vanishing torsion are loally isometri to
one of the symmetri spaes
M = Gk/Hk,
where the possible Lie groups G are given in the following table:
dimM Group Hk Group Gk Group Gk Group Gk
nk = 5 SO(3) SU(3) SO(3)×ρ R5 SL(3,R)
nk = 8 SU(3) SU(3)× SU(3) SU(3)×ρ R8 SL(3,C)
nk = 14 Sp(3) SU(6) Sp(3)×ρ R14 SU∗(6) ≃ SL(3,H)
nk = 26 F4 E6 F4 ×ρ R26 E−266 ≃ SL(3,O)
Here ρ is the irreduible representation of Hk in R
nk
.
Remark 8.2. Let gk be the Lie algebra of the groupGk of Theorem 8.1. We note that
sine the torsionless models for the Hk strutures are the symmetri spaes M =
Gk/Hk, then arbitrary restrited nearly integrable Hk strutures may be analyzed
in terms of a Cartan gk-valued onnetion on the Cartan bundle Hk → P → M .
In suh a langauge the torsionless models with respet to the hk onnetion are
simply the at models for the orresponding Cartan gk-valued onnetion on P .
Remark 8.3. Aording to [20℄ the manifold M = SU(3)/SO(3) is a unique irre-
duible Riemannian symmetri spae M = G/H with the property that (rankG−
rankH) = 1 and that M is not isometri to an odd dimensional real Grassmann
manifold. It is interesting to note [10℄ (see [20℄ p. 324) that the other ompat
torsionless Hk strutures orrespond to manifolds M = SU(3), M = SU(6)/Sp(3)
and M = E6/F4, whih are examples of a very few irreduible symmetri Rieman-
nian manifolds M = G/H with (rankG− rankH) = 2.
8.2. The `magi square'. We now onentrate on the Lie algebras hk and gk or-
responding to groups Hk and Gk appearing in the seond and the third olumn of
the table inluded in Theorem 8.1. We note that these Lie algebras onstitute the
rst two olumns of the `magi square' [18, 19℄:
so(3) su(3) sp(3) f4
su(3) 2su(3) su(6) e6
sp(3) su(6) so(12) e7
f4 e6 e7 e8
.
In agreement with the previous notation let us denote by Hk, Gk, Gk and G˜k the
ompat Lie groups orresponding to the Lie algebras of the rst, the seond, the
third and the fourth respetive olumns of the magi square. Sine Gk/Hk are the
torsionless ompat models for Hk geometries, it may seem reasonable to onsider
spaes Gk/Gk and G˜k/Gk as the torsionless models for new speial Riemannian
geometries with a harateristi onnetion. Unfortunately the homogeneous spaes
Gk/Gk and G˜k/Gk are reduible. However, if we replae the seond olumn in the
magi square by
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su(3)⊕ R
2su(3)⊕ R
su(6)⊕ R
e6 ⊕ R
,
then the Lie groups Gk orresponding to these Lie algebras dene the irreduible
Riemannian symmetri spaes Gk/Gk. Similarly if we replae the third olumn in
the magi square by
sp(3)⊕ su(2)
su(6)⊕ su(2)
so(12)⊕ su(2)
e7 ⊕ su(2)
,
then the Lie groups Gk orresponding to these Lie algebras dene the irreduible
Riemannian symmetri spaes G˜k/Gk. Thus starting from the seond and the third
olumn of the table in Theorem 8.1, via the magi square, we arrived at 12 sym-
metri spaes
SU(3)/SO(3) Sp(3)/U(3) F4/(Sp(3)× SU(2))
SU(3) SU(6)/S(U(3)×U(3)) E6/(SU(6)× SU(2)
SU(6)/Sp(3) SO(12)/U(6) E7/(SO(12)× SU(2))
E6/F4 E7/(E6 × SO(2)) E8/(E7 × SU(2))
.
These 12 symmetri spaes an be onsidered torsionless models for speial ge-
ometries on Riemannian manifolds M with the following dimensions and struture
groups:
dimM Struture group dimM Struture group dimM Struture group
nk Hk 2(nk + 1) Extended Gk 4(nk + 2) Extended Gk
5 SO(3) 12 U(3) 28 Sp(3)× SU(2)
8 SU(3) 18 S(U(3)×U(3)) 40 SU(6)× SU(2)
14 Sp(3) 30 U(6) 64 SO(12)× SU(2)
26 F4 54 E6 × SO(2) 112 E7 × SU(2)
Quik look at Cartan's list of the irreduible symmetri spaes of ompat type
suggests that the speial Riemannian geometries appearing in this list should be
supplemented by the two `exeptional' possibilities:
1) dimM = 32, with the struture group SO(10)× SO(2) and with the tor-
sionless model of ompat type M = E6/(SO(10)× SO(2))
2) dimM = 8, with the struture group SU(2)×SU(2) and with the torsion-
less model of ompat type M = G2/(SU(2)× SU(2)) .
Although these two possibilities are not implied by the magi square, we are on-
vined that their plae is in the above table: item 1) should stay in the seond
olumn for dimM in the row between dimensions 30 and 54, and item 2) should
stay in the third olumn for dim M in the `zeroth' row, before dimension 28.
It is interesting if all these geometries admit harateristi onnetion. Also, we
do not know what objets in RdimM redue the orthogonal groups SO(dimM) to
the above mentioned struture groups. Are these symmetri tensors, as it was in
the ase of the groups Hk?.
16 PAWE NUROWSKI
9. Examples in dimension 8
In the following setions we will briey disuss the two dierent 8-dimensional
ases, namely: the restrited nearly integrable SU(3) geometries and the SU(2)×
SU(2) geometries. In partiular, we provide nontrivial examples of restrited nearly
integrable SU(3) strutures. We also explain how to dene an SU(2) × SU(2)
struture by means of a symmetri tensor of the sixth order.
9.1. SU(3) strutures. It is interesting to note that in the deomposition of∧3
R8 onto the SU(3)-invariant omponents (see Proposition 7.1) there exists a
1-dimensional subspae
8
⊙2
1. This spae, in the adapted oframe of Denition 5.3,
is spanned by a 3-form
(9.1) ψ = τ1 ∧ θ6 + τ2 ∧ θ7 + τ3 ∧ θ8 + θ6 ∧ θ7 ∧ θ8,
where (τ1, τ2, τ3) are 2-forms
τ1 = θ
1 ∧ θ4 + θ2 ∧ θ3 +
√
3θ1 ∧ θ5
τ2 = θ
1 ∧ θ3 + θ4 ∧ θ2 +
√
3θ2 ∧ θ5
τ3 = θ
1 ∧ θ2 + 2θ4 ∧ θ3
spanning the 3-dimensional irreduible representation
5
∧2
3 ≃ so(3) of SO(3).
Note that the 3-form ψ an be onsidered in R8 without any referene to tensor
Υ. It is remarkable that this 3-form alone redues the GL(8,R) to the irreduible
SU(3) in the same way as Υ does.1 If one thinks that formula (9.1) is written in
the orthonormal oframe θ then one gets the redution from GL(8,R) via SO(8)
to the irreduible SU(3). Thus, in dimension 8, the Hk struture an be dened
either in terms of the totally symmetri Υ or in terms of the totally skew symmetri
ψ.2
Remark 9.1. In this sense the 3-form ψ and the 2-forms (τ1, τ2, τ3) play the same role
in the relations between SU(3) strutures in dimension eight and SO(3) strutures
in dimension ve as the 3-form
φ = σ1 ∧ θ5 + σ2 ∧ θ6 + σ3 ∧ θ7 + θ5 ∧ θ6 ∧ θ7
and the self-dual 2-forms
σ1 = θ
1 ∧ θ3 + θ4 ∧ θ2
σ2 = θ
4 ∧ θ1 + θ3 ∧ θ2
σ3 = θ
1 ∧ θ2 + θ3 ∧ θ4
play in the relations [17℄ between G2 strutures in dimension seven and SU(2)
strutures in dimension four.
1
We note that ψ is a stable form in dimension 8 and, as suh, was onsidered by Nigel Hithin
in [12℄
2
Simon Chiossi [8℄ asks if I there is another situation in whih a subgroup H ⊂ SO(n) of
GL(n,R) is a stabilizer of either a totally symmetri tensor or, independently, of a totally skew
symmetri tensor. The answer is yes. The fth exterior power of the 14-dimensional representation
14
⊙2
14
of Sp(3) has a 1-dimensional Sp(3)-invariant subspae. Thus, it denes a 5-form whose
stablizer under the ation of GL(14,R) inludes Sp(3) ⊂ SO(14). It turns out that this 5-form
alone, independently of tensor Υ of Setion 2, redues the GL(n,R), via SO(14) to Sp(3). The
expliit expression for this form in the adapted oframe of Setion 5 is given in the Appendix B.
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We also note that the SU(3) invariant 3-form ψ an be used to nd the expliit
deomposition of an arbitrary 3-form ω in
∧3
R8 onto the irreduible omponents
mentioned in Proposition 7.1. Indeed, given an SU(3) struture (M, g,Υ) on an
8-manifold M we may write an arbitrary 3-form ω in the adapted oframe θ of
Denition 5.3 as ω = 16ωIJKθ
I ∧ θJ ∧ θK . Using ψ = 16ψIJKθI ∧ θJ ∧ θK , we
assoiate with ω a tensor ψ(ω)IJ = ψIKLωJKL. Sine ψ(ω) is an element of
⊗2
R8,
it may be analyzed by means of the endomorphism Υˆ naturally assoiated with
Υ = ΥIJKθ
IθJθK via (4.1). It follows that the 3-form ω is
• in 8⊙21 i Υˆ(ψ(ω)) = 20ψ(ω),
• in 8⊙28 i Υˆ(ψ(ω)) = −6ψ(ω),
• in 8∧220 i Υˆ(ψ(ω)) = −8ψ(ω),
• in 8⊙227 i Υˆ(ψ(ω)) = 4ψ(ω).
Now, if we have a nearly integrable SU(3) struture in dimension 8, it is easy to
hek what is the type of its totally skew symmetri torsion TIJK . For this it
sues to onsider a 3-form T = 16TIJKθ
I ∧ θJ ∧ θK , to assoiate with it ψ(T ) and
to apply the endomorphism Υˆ.
9.1.1. Strutures with (8+ l)-dimensional symmetry group. In the following we will
apply the following onstrution.
Let G be an (8 + l)-dimensional Lie group with a Lie subgroup H of dimension
l ≤ 8 = dimSU(3). We arrange a labeling of a left invariant oframe (θI , γα) on G
in suh a way that the vetor elds Xα, α = 1, 2, . . . , l, of the frame (eI , Xα) dual
to (θI , γα) generate H . Suppose now that the groups G and H are suh that the
following tensors
g = gIJθ
IθJ = (θ1)2 + (θ2)2 + (θ3)2 + (θ4)2 + (θ5)2 + (θ6)2 + (θ7)2 + (θ8)2
(9.2) Υ = ΥIJK =
1
2 det

 θ
5 −√3θ4 √3(θ3 + iθ8) √3(θ2 + iθ7)√
3(θ3 − iθ8) θ5 +√3θ4 √3(θ1 + iθ6)√
3(θ2 − iθ7) √3(θ1 − iθ6) −2θ5


are invariant on G when Lie transported along the ows of vetor elds Xα. In
suh a ase both g and Υ projet to a well dened nondegenerate tensors on the
8-dimensional homogeneous spae M = G/H . These projeted tensors, whih we
will also respetively denote by g and Υ, dene the SU(3) struture (M, g,Υ) on
M .
9.1.2. Restrited nearly integrable strutures with maximal symmetry groups. It fol-
lows that the restrited nearly integrable SU(3) strutures with maximal symmetry
groups are loally equivalent to the torsionless models of Theorem 8.1. Thus the
possible maximal symmetry groups G are:
Gλ>0 = SU(3)× SU(3), Gλ=0 = SU(3)×ρ R8 or Gλ<0 = SL(3,C).
The three ases are distinguishable by means of the sign of a real onstant λ, whih
is related to the Rii salar of the Levi-Civita/harateristi onnetion of the
orresponding torsionless SU(3) struture.
We illustrate this statement by using the left invariant oframe (θI , γα) on G
disussed in the preeding setion. Here it satises the following dierential system
dθI + ΓIJ ∧ θJ = 0, dΓIJ + ΓIK ∧ ΓKJ = RIJ ,
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where the harateristi onnetion matrix ΓIJ is related to the 1-forms γ
α
, α =
1, 2, . . . , 8, via:
(9.3) Γ = γαEα =


0 −γ1 −γ2 −γ3 −√3γ3 −γ4 −γ5 −γ6
γ1 0 −γ3 γ2 −√3γ2 −γ5 −γ4−γ7 − γ
8
√
3
γ2 γ3 0 2γ1 0 γ6 − γ
8
√
3
−γ7
γ3 −γ2 −2γ1 0 0 − γ
8
√
3
−γ6 −2γ5
√
3γ3
√
3γ2 0 0 0 −γ8 √3γ6 0
γ4 γ5 −γ6 γ
8
√
3
γ8 0 −γ1 γ2
γ5 γ4+γ7
γ8
√
3
γ6 −√3γ6 γ1 0 −γ3
γ6
γ8
√
3
γ7 2γ5 0 −γ2 γ3 0


,
and the urvature RIJ is given by
R = − λ
12
καEα,
where the 2-forms κα are given by
κ1 = θ1 ∧ θ2 − 2θ3 ∧ θ4 + θ6 ∧ θ7
κ2 = θ1 ∧ θ3 − θ2 ∧ θ4 +
√
3θ2 ∧ θ5 − θ6 ∧ θ8
κ3 = θ1 ∧ θ4 +
√
3θ1 ∧ θ5 + θ2 ∧ θ3 + θ7 ∧ θ8
κ4 = 4θ1 ∧ θ6 + 2θ2 ∧ θ7 − 2θ3 ∧ θ8(9.4)
κ5 = θ1 ∧ θ7 + θ2 ∧ θ6 + 2θ4 ∧ θ8
κ6 = θ1 ∧ θ8 − θ3 ∧ θ6 + θ4 ∧ θ7 −
√
3θ5 ∧ θ7
κ7 = −2θ1 ∧ θ6 + 2θ2 ∧ θ7 + 4θ3 ∧ θ8
κ8 =
√
3(θ2 ∧ θ8 + θ3 ∧ θ7 + θ4 ∧ θ6 +
√
3θ5 ∧ θ6).
Now, the system guarantees that the Lie derivatives of the strutural tensors g and
Υ of (9.2) with respet to all vetor elds Xα dual on G to γ
α
vanish:
LXαg = 0, LXαΥ ≡ 0.
Thus, the quotient spaes are equipped with SU(3) strutures loally equivalent to
the natural SU(3) strutures on
Mλ>0 = SU(3), Mλ=0 = R
8, Mλ<0 = SL(3,C)/SU(3).
Sine in suh ases the Riemannian holonomy group is redued to SU(3), the
Riemannian urvature oinides with the urvature of the harateristi onnetion.
The Rii tensor of these urvatures is Einstein, Ric = λg.
9.1.3. Examples with 11-dimensional symmetry group and torsion in
8
⊙2
27. Below
we present a 2-parameter family of restrited nearly integrable SU(3) strutures
whih are a loal deformation of the torsionless model Mλ>0 = SU(3). These
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strutures have an 11-dimensional symmetry group G desribed by the Maurer-
Cartan oframe (θI , γ1, γ2, γ3) dened below.
dθ1 = γ1 ∧ θ2 + γ2 ∧ θ3 + γ3 ∧ θ4 +
√
3γ3 ∧ θ5 + k√
3
κ8
dθ2 = −γ1 ∧ θ1 − γ2 ∧ θ4 +
√
3γ2 ∧ θ5 + γ3 ∧ θ3 − kκ6
dθ3 = −2γ1 ∧ θ4 − γ2 ∧ θ1 − γ3 ∧ θ2 − kκ5
dθ4 = 2γ1 ∧ θ3 + γ2 ∧ θ2 − γ3 ∧ θ1 + k
2
κ7
1√
3
dθ5 = −γ2 ∧ θ2 − γ3 ∧ θ1 − k
6
(2κ4 + κ7)
dθ6 = γ1 ∧ θ7 − γ2 ∧ θ8 + (2k − t)κ3 − 2(k + 7t)θ7 ∧ θ8
dθ7 = −γ1 ∧ θ6 + γ3 ∧ θ8 + (2k − t)κ2 + 2(k + 7t)θ6 ∧ θ8
dθ8 = γ2 ∧ θ6 − γ3 ∧ θ7 + (2k − t)κ1 − 2(k + 7t)θ6 ∧ θ7
dγ1 = γ2 ∧ γ3 + (k + 15t)(t− 2k)κ1 + (k + 15t)(k − t)θ6 ∧ θ7
dγ2 = −γ1 ∧ γ3 + (k + 15t)(t− 2k)κ2 − (k + 15t)(k − t)θ6 ∧ θ8
dγ3 = γ1 ∧ γ2 + (k + 15t)(t− 2k)κ3 + (k + 15t)(k − t)θ7 ∧ θ8
The 2-forms κα appearing here are given in (9.4); k and t are real onstants.
It is easy to hek that in all diretions spanned by the three vetor elds Xα
dual to γα we have
LXαg = 0, LXαΥ = 0,
where the strutural tensors g and Υ are given by (9.2). Thus the quotient 8-
manifold M = G/H , where H is generated by Xα, is equipped with an SU(3)
struture (M, g,Υ). As mentioned above, this struture is restrited nearly inte-
grable. It has the harateristi onnetion Γ given by (9.3) with
γ4 = (k − t)(θ4 +
√
3θ5), γ5 = (k − t)θ3, γ6 = (k − t)θ2,
γ7 = 2(t− k)θ4, γ8 =
√
3(t− k)θ1.
The torsion T of Γ is of a pure type. It lies in the 27-dimensional representation
8
⊙2
27. The torsion 3-form T reads:
T = t(θ1 ∧ θ2 ∧ θ8 + θ1 ∧ θ3 ∧ θ7 + θ1 ∧ θ4 ∧ θ6 +√3θ1 ∧ θ5 ∧ θ6 + θ2 ∧ θ3 ∧ θ6 −
θ2 ∧ θ4 ∧ θ7 +√3θ2 ∧ θ5 ∧ θ7 − 2θ3 ∧ θ4 ∧ θ8 − 15θ6 ∧ θ7 ∧ θ8).
Remarkably this form is olosed, so the Rii tensor RicΓ of the harateristi
onnetion is symmetri. Moreover, it is diagonal,
RicΓ = diag(λ, λ, λ, λ, λ, µ, µ, µ),
with two onstant eigenvalues
λ = 12(k2 + 15kt− 8t2), µ = 12(k2 + 53kt).
These two eigenvalues oinide when t = 0 and t = 53k. In the rst ase the SU(3)
struture is loally equivalent to the torsionless model Mλ>0 = SU(3). The ase
t = 53k
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is interesting sine it provides an example of a restrited nearly integrable SU(3)
struture with the harateristi onnetion Γ satisfying the Einstein equations
RicΓ = 1363 k
2g
and having torsion of a nontrivial pure type
8
⊙2
27.
We further note that for all values of t and k the Rii tensor for the Levi-Civita
onnetion of this struture is also diagonal,
RicLC = diag(λ′, λ′, λ′, λ′, λ′, µ′, µ′, µ′),
with eigenvalues given by λ′ = λ+3t2, µ′ = µ+115t2. This Rii tensor is Einstein
in the torsionless ase t = 0 and when
t = 1013k.
In this later ase the Rii tensor reads
RicLC = 16128169 k
2g.
9.1.4. Examples with 9-dimensional symmetry group and vetorial torsion. Let G
be a 9-dimensional group with a left invariant oframe (θI , γ1) on it as in Setion
9.1.1. Let (eI , X1) be a basis of vetor elds on G dual to (θ
I , γ1). We assume that
(θI , γ1) satises the following dierential system
dθ1 = γ1 ∧ θ2 − 12 t1θ1 ∧ θ3 + 12 t1θ2 ∧ θ4 − 12√3 t1θ
2 ∧ θ5 + 12 t2θ3 ∧ θ7 + 12 t2θ4 ∧ θ6
dθ2 = −γ1 ∧ θ1 + 12 t1θ1 ∧ θ4 + 12√3 t1θ
1 ∧ θ5 + 12 t1θ2 ∧ θ3 + 12 t2θ3 ∧ θ6 − 12 t2θ4 ∧ θ7
dθ3 = −2γ1 ∧ θ4 + 1√
3
t1θ
4 ∧ θ5
dθ4 = 2γ1 ∧ θ3 − 1√
3
t1θ
3 ∧ θ5
dθ5 = 1√
3
t1θ
1 ∧ θ2 − 1√
3
t2θ
1 ∧ θ6 − 1√
3
t2θ
2 ∧ θ7 + 1√
3
t1θ
3 ∧ θ4 + 1√
3
t1θ
6 ∧ θ7
dθ6 = γ1 ∧ θ7 + 12 t2θ1 ∧ θ4 + 12 t2θ2 ∧ θ3 + 12 t1θ3 ∧ θ6 − 12 t1θ4 ∧ θ7 + 12√3 t1θ
5 ∧ θ7
dθ7 = −γ1 ∧ θ6 + 12 t2θ1 ∧ θ3 − 12 t2θ2 ∧ θ4 − 12 t1θ3 ∧ θ7 − 12 t1θ4 ∧ θ6 − 12√3 t1θ
5 ∧ θ6
dθ8 = −t2θ3 ∧ θ4
dγ1 = − 16 t21θ1 ∧ θ2 + 16 t1t2θ1 ∧ θ6 + 16 t1t2θ2 ∧ θ7 + 16 (3t22 − 4t21)θ3 ∧ θ4 − 16 t21θ6 ∧ θ7.
Here the real parameters t1, t2 are onstants.
Let H be a 1-parameter subgroup of G generated by the vetor eld X1. Now we
onsider g and Υ of (9.2). It is easy to hek that the above dierential equations
for the system (θI , γ1) guarantees that on G the Lie derivatives with respet to X1
of g and Υ identially vanish:
LX1g ≡ 0, LX1Υ ≡ 0.
Thus on the homogeneous spae M = G/H we have an SU(3) struture (M, g,Υ).
This SU(3) struture has the following properties.
• It is a restrited nearly integrable struture.
• It has a 9-dimensional symmetry group G.
• Its harateristi onnetion is given by (9.3), where
γ2 = − 12 t1θ1, γ3 = 12 t1θ2, γ4 = 12 t2θ4 − 1√3 t2θ
5 + 12 t1θ
8,
γ5 = 12 t2θ
3, γ6 = − 12 t1θ6, γ7 = −t2θ4, γ8 = −
√
3
2 t1θ
7.
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• The skew symmetri torsion T of Γ is of purely `vetorial' type: T ∈ 8⊙28.
Expliitly the torsion 3-form is
T = t1(− 2√3θ1 ∧ θ2 ∧ θ5 + θ1 ∧ θ6 ∧ θ8 + θ2 ∧ θ7 ∧ θ8 +
1√
3
θ3 ∧ θ4 ∧ θ5 − 2√
3
θ5 ∧ θ6 ∧ θ7) +
t2(
1√
3
θ1 ∧ θ5 ∧ θ6 + 1√
3
θ2 ∧ θ5 ∧ θ7 + θ3 ∧ θ4 ∧ θ8).
• The Rii tensor RicΓ of the harateristi onnetion is symmetri:
RicΓ =


− 13 (4t21 + t22) 0 0 0 0 0 − 23 t1t2 0
0 − 13 (4t21 + t22) 0 0 0 23 t1t2 0 0
0 0 − 73 t21 0 0 0 0 0
0 0 0 − 73 t21 0 0 0 0
0 0 0 0 −t21 0 0 0
0 23 t1t2 0 0 0 − 13 (4t21 + t22) 0 0
− 23 t1t2 0 0 0 0 0 − 13 (4t21 + t22) 0
0 0 0 0 0 0 0 −t21


;
hene the torsion 3-form T is olosed.
• The Rii tensor RicLC of the Levi-Civita onnetion is
RicLC =


− 16 (t
2
1
+t2
2
) 0 0 0 0 0 − 43 t1t2 0
0 − 16 (t
2
1
+t2
2
) 0 0 0
4
3 t1t2 0 0
0 0
1
6 (−13t
2
1
+3t2
2
) 0 0 0 0 0
0 0 0
1
6 (−13t
2
1
+3t2
2
) 0 0 0 0
0 0 0 0
1
6 (3t
2
1
+2t2
2
) 0 0 − 1
2
√
3
t1t2
0
4
3 t1t2 0 0 0 −
1
6 (t
2
1
+t2
2
) 0 0
− 43 t1t2 0 0 0 0 0 −
1
6 (t
2
1
+t2
2
) 0
0 0 0 0 − 1
2
√
3
t1t2 0 0
1
2 t
2
2


We note that if t1 = 0 or t2 = 0 both the Rii tensors Ric
Γ
and RicLC in the exam-
ple above are diagonal. Below we present another 2-parameter family of examples
with this property.
Now the 9-dimensional group G has the basis of the left invariant forms (θI , γ1)
suh that:
dθ1 = γ1 ∧ θ2 − cθ2 ∧ θ8 + (t− 4c)(12θ3 ∧ θ7 + 12θ4 ∧ θ6 +
3c
√
3
6c− tθ
5 ∧ θ6)
dθ2 = −γ1 ∧ θ1 + cθ1 ∧ θ8 + (t− 4c)(12θ3 ∧ θ6 − 12θ4 ∧ θ7 +
3c
√
3
6c− tθ
5 ∧ θ7)
dθ3 = −2γ1 ∧ θ4 + 2c(θ1 ∧ θ7 + θ2 ∧ θ6 + θ4 ∧ θ8)
dθ4 = 2γ1 ∧ θ3 + 2c(θ1 ∧ θ6 − θ2 ∧ θ7 − θ3 ∧ θ8)
dθ5 =
6c− t√
3
(θ1 ∧ θ6 + θ2 ∧ θ7)
dθ6 = γ1 ∧ θ7 + (t− 4c)(12θ1 ∧ θ4 +
3c
√
3
6c− tθ
1 ∧ θ5 + 12θ2 ∧ θ3)− cθ7 ∧ θ8
dθ7 = −γ1 ∧ θ6 + (t− 4c)(12θ1 ∧ θ3 − 12θ2 ∧ θ4 +
3c
√
3
6c− tθ
2 ∧ θ5) + cθ6 ∧ θ8
dθ8 = −2cθ1 ∧ θ2 + (4c− t)θ3 ∧ θ4 − 2cθ6 ∧ θ7
dγ1 = (2c− t)(−cθ1 ∧ θ2 + 12 (4c− t)θ3 ∧ θ4 − cθ6 ∧ θ7),
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where c and t are onstants. The homogeneous spae M = G/H , where H is
a 1-dimensional subgroup of G generated by X1 dual to γ
1
, is equipped with a
restrited nearly integrable SU(3) struture (M, g,Υ) via (9.2). The harateristi
onnetion is given by (9.3) with
γ2 = cθ7, γ3 = cθ6, γ4 = 12 (t− 2c)θ4 + 1√3
t2 − 18c2
6c− t θ
5,
γ5 = 12 (t− 2c)θ3, γ6 = −cθ2, γ7 = (2c− t)θ4, γ8 =
√
3cθ1.
In this 2-parameter family of examples the skew symmetri torsion is again of purely
vetorial type T ∈ 8⊙28; its orresponding 3-form is given by
T = t( 1√
3
θ1 ∧ θ5 ∧ θ6 + 1√
3
θ2 ∧ θ5 ∧ θ7 + θ3 ∧ θ4 ∧ θ8).
As announed above both the Rii tensors are now diagonal for all values of c and
t. Introduing the eigenvalues
λ = 13 [(6c− t)2 − 2t2], µ = 4c(3c− t),
λ′ = 13 [(6c− t)2 − 32 t2], µ′ = 13 (6c− t)2, ν′ = 13 [(6c− t)2 + 12 t2]
we have
RicΓ = diag(λ, λ, µ, µ, µ, λ, λ, µ), RicLC = diag(λ′, λ′, ν′, ν′, µ′, λ′, λ′, ν′).
Of ourse the group G is a symmetry group of this restrited nearly integrable
SU(3) struture.
We lose this setion with the following Theorem, whose proof based on the
Bianhi identities, is purely omputational.
Theorem 9.2. Let (M, g,Υ) be an arbitrary restrited nearly integrable SU(3)
struture in dimension eight. Assume that the torsion T of the harateristi on-
netion of this struture is of purely vetorial type, T ∈ 8⊙28. Then the 3-form T
orresponding to the torsion is olosed
d(∗T ) ≡ 0.
This theorem, in partiular, implies that the Rii tensor of the harateristi
onnetion for suh strutures is symmetri.
9.2. SU(2)×SU(2) strutures. In this setion we onsider SU(2)×SU(2) stru-
tures in dimension eight modeled on the torsionless struture G2/(SU(2)×SU(2).
The approah presented here should be useful in studies of the other exeptional
ase onerning with the SO(10)× SO(2) strutures in dimension 32.
In full analogy with Hk strutures we start with the identiation of R
8
with
a spae of the antisymmetri blok matries M7×7(R) ∋ ι( ~X) =
(
03×3 α
−αt 04×4,
)
,
in whih the matries α ∈ M3×4(R) have 3 rows and 4 olumns. The entries of α
satisfy the following four relations
α16 − α34 − α25 = 0, α26 − α37 + α15 = 0,
α36 + α27 + α14 = 0, α35 + α17 − α24 = 0(9.5)
These four relations redue the 12 free parameters standing in an arbitrary 3 × 4
matrix to 8 parameters. Now dening
(9.6) M8 = { ι( ~X) ∈M7×7(R) : ι( ~X) =
(
03×3 α
−αt 04×4,
)
with α satisfying (9.5) },
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we have an isomorphism ι : R8 →M8 between the vetor spaes R8 and M8.
Now we dene a representation ρ of the group SU(2)×SU(2) in R8, whih will
enable us to dene an SU(2)× SU(2) struture in dimension eight.
We use two dierent representations of SU(2) in dimension seven. The repre-
sentation ρ1 generated by 7× 7 matries
h i = exp(tisi), i = 1, 2, 3, ti ∈ R (no summation!),
suh that
s1 =


0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0
1
2 0 0
0 0 0 − 12 0 0 0
0 0 0 0 0 0 − 12
0 0 0 0 0
1
2 0


, s2 =


0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0
1
2 0
0 0 0 0 0 0
1
2
0 0 0 − 12 0 0 0
0 0 0 0 − 12 0 0


, s3 =


0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0
1
2
0 0 0 0 0 − 12 0
0 0 0 0
1
2 0 0
0 0 0 − 12 0 0 0


,
and the representation ρ2 generated by 7× 7 matries
χi = exp(τiσi), i = 1, 2, 3, τi ∈ R (no summation!),
suh that
σ1 =


0 −1 0 0 0 0 0
1 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 − 12
0 0 0 0 0 − 12 0
0 0 0 0
1
2 0 0
0 0 0
1
2 0 0 0


, σ2 =


0 0 1 0 0 0 0
0 0 0 0 0 0 0
−1 0 0 0 0 0 0
0 0 0 0 0
1
2 0
0 0 0 0 0 0 − 12
0 0 0 − 12 0 0 0
0 0 0 0
1
2 0 0


, σ3 =


0 0 0 0 0 0 0
0 0 1 0 0 0 0
0 −1 0 0 0 0 0
0 0 0 0 −12 0 0
0 0 0
1
2 0 0 0
0 0 0 0 0 0 − 12
0 0 0 0 0
1
2 0


.
We note that
[sj , sk] = ǫijksi, [σj , σk] = ǫijkσi, [si, σj ] = 0, i, j, k = 1, 2, 3,
where ǫijk is the Levi-Civita symbol in 3-dimensions.
Now, we onsider all the 7× 7-matries of the form
h = h(t1, t2, t3, τ1, τ2 τ3) = h1 h2 h3 χ1 χ2 χ3.
They onstitute a 7-dimensional representation ρ7 of the full group SU(2)×SU(2).
Remarkably, hι( ~X)ht is an element ofM8 for all the elements ι( ~X) ofM8. More-
over, due to the fat that [si, σj ] = 0 for all i, j, the map
(SU(2)× SU(2))×M8 ∋ (h, ι( ~X)) 7→ h ι( ~X) ht ∈M8
is a good ation of SU(2) × SU(2) on M8. Thus, using the isomorphism ι we get
the 8-dimensional representation ρ of SU(2)× SU(2) given by
(9.7) R8 ∋ ~X 7→ ρ(h) ~X = ι−1[ h ι( ~X) ht ] ∈ R8.
Given an element
~X ∈ R8 we onsider its harateristi polynomial
P ~X(λ) = det(ι(
~X)− λI)
= −λ7 − 6g( ~X, ~X)λ5 − 9g( ~X, ~X)2λ3 + 2γ( ~X, ~X, ~X, ~X, ~X, ~X)λ.(9.8)
This polynomial is invariant under the SU(2) × SU(2)-ation given by the repre-
sentation ρ of (9.7),
P
ρ(h) ~X(λ) = P ~X(λ).
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Thus, all the oeients of P ~X(λ), whih are multilinear in
~X, are SU(2)×SU(2)-
invariant.
It is onvenient to use a basis eI in R
8
suh that the isomorphism ι : R8 → M8
takes the form:
~X = xIeI 7→ ι( ~X) =


0 0 0 −x3+
√
3x4 −x5+
√
3x6 −x7+
√
3x8 −2x1
0 0 0 −x1−
√
3x2 x7+
√
3x8 −x5−
√
3x6 2x3
0 0 0 −2x7 x1−
√
3x2 −x3−
√
3x4 −2x5
x3−
√
3x4 x1+
√
3x2 2x7 0 0 0 0
x5−
√
3x6 −x7−
√
3x8 −x1+
√
3x2 0 0 0 0
x7−
√
3x8 x5+
√
3x6 x3+
√
3x4 0 0 0 0
2x1 −2x3 2x5 0 0 0 0

 .
With this hoie the bilinear form g of (9.8) reads:
g( ~X, ~X) = (x1)2 + (x2)2 + (x3)2 + (x4)2 + (x5)2 + (x6)2 + (x7)2 + (x8)2.
The 6-linear form γ of (9.8) denes a tensor γIJKLMN via
γ( ~X, ~X, ~X, ~X, ~X, ~X) = γIJKLMNx
IxJxKxLxMxN .
This tensor has the following properties.
• It redues GL(8,R), via SO(8), to SU(2)× SU(2).
• The 6th order polynomial
Φ = γ( ~X, ~X, ~X, ~X, ~X, ~X)
of variables xI , I = 1, 2, . . . , 8, satises
a) △Φ = −72 g( ~X, ~X)2
b) |~∇Φ|2 = −72 Φ g( ~X, ~X)2
c) ~X~∇Φ = 6Φ.
The properties a)-) show that Φ an not be interpreted as the Cartan polynomial
(3.2)-(3.2) dening an isoparametri hypersurfae in S7. But we an modify it so
that the redened polynomial satises (3.2)-(3.2). Indeed, using properties a)-) it
is easy to see that the 6th order homogeneous polynomial F = Φ + g( ~X, ~X)3 is a
solution of
Cii) △F = 0
Ciii) |~∇F |2 = 62 g( ~X, ~X)5.
Thus, via (3.3), the polynomial F denes an isoparametri hypersurfae in S7
whih has p = 6 distint onstant prinipal eigenvalues. Note that sine both
Φ and g( ~X, ~X) are SU(2) × SU(2) invariant, the polynomial F also is. Hene a
stabilizer, under the ation of GL(8,R), of a 6th order symmetri tensor ΥIJKLMN
dened by
(9.9) F = Φ+ g( ~X, ~X)3 = Υ( ~X, ~X, ~X, ~X, ~X, ~X) = ΥIJKLMNx
IxJxKxLxMxN
ontains the group SU(2)× SU(2). Atually we have the following proposition.
Proposition 9.3. The 6th order symmetri tensor ΥIJKLMN dened above redues
the GL(8,R) group, via SO(8), to the irreduible SU(2) × SU(2) assoiated with
the representation ρ of (9.7).
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Following the ase of Hk strutures we use the tensor ΥIJKLMN of (9.9) to dene
an endomorphism
(9.10) Υˆ :
⊗2
R8 −→⊗2R8,
W IK
Υˆ7−→ 5225 ΥIJMNPQΥKLMNPQW JL,
whih preserves the deomposition
⊗2
R8 =
∧2
R8 ⊕⊙2R8. Its eigenspaes, are
SU(2) × SU(2) invariant and dene representations of dimension 1,5,6,7,9,15,21.
Expliitly we have the following proposition.
Proposition 9.4.
The SU(2)× SU(2) irreduible deomposition of ⊗2R8 is given by⊗2
R8 =
⊙2
1 ⊕
⊙2
5 ⊕
⊙2
9 ⊕
⊙2
21 ⊕
∧2
6 ⊕
∧2
7 ⊕
∧2
15,
where ⊙2
1 = { S ∈
⊗2
R8 | Υˆ(S) = 175·S } = {S = λ·g, λ ∈ R },⊙2
5 = { S ∈
⊗2
R8 | Υˆ(S) = −21·S },∧2
6 = { F ∈
⊗2
R8 | Υˆ(F ) = 35·F } = su(2)⊕ su(2),∧2
7 = { F ∈
⊗2
R8 | Υˆ(F ) = −25·F },⊙2
9 = { S ∈
⊗2
R8 | Υˆ(S) = 7·S },∧2
15 = { F ∈
⊗2
R8 | Υˆ(F ) = −49·F },⊙2
21 = { S ∈
⊗2
R8 | Υˆ(S) = 27·S }.
The real vetor spaes
∧2
i ⊂
∧2
R8 and
⊙2
j ⊂
⊙2
R8 of respetive dimensions i and
j are irreduible representations of the group SU(2)× SU(2).
Remark 9.5. Note that
∧2
6, is isomorphi to the Lie algebra su(2)⊕su(2) represented
as the Lie subalgebra of 8× 8 matries. In this 8-dimensional representation ρ′ the
basis of the two su(2) algebras are, respetively, ΣLi and Σ
R
i , i = 1, 2, 3, where
ΣL1 =
1
4


0 0 −5
√
3 0 0 0 0
0 0 −
√
3 3 0 0 0 0
5
√
3 0 0 0 0 0 0
−
√
3 −3 0 0 0 0 0 0
0 0 0 0 0 0 −2 0
0 0 0 0 0 0 0 6
0 0 0 0 2 0 0 0
0 0 0 0 0 −6 0 0

 , Σ
L
2 =
1
4


0 0 0 0 −5
√
3 0 0
0 0 0 0
√
3 −3 0 0
0 0 0 0 0 0 −1 −
√
3
0 0 0 0 0 0 3
√
3 −3
5 −
√
3 0 0 0 0 0 0
−
√
3 3 0 0 0 0 0 0
0 0 1 −3
√
3 0 0 0 0
0 0
√
3 3 0 0 0 0


ΣL3 =
1
4


0 0 0 0 0 0 −1
√
3
0 0 0 0 0 0 −3
√
3 −3
0 0 0 0 5
√
3 0 0
0 0 0 0
√
3 3 0 0
0 0 −5 −
√
3 0 0 0 0
0 0 −
√
3 −3 0 0 0 0
1 3
√
3 0 0 0 0 0 0
−
√
3 3 0 0 0 0 0 0


,
ΣR1 =
1
4


0 0 0 0 0 0 −1
√
3
0 0 0 0 0 0
√
3 1
0 0 0 0 1
√
3 0 0
0 0 0 0
√
3 −1 0 0
0 0 −1 −
√
3 0 0 0 0
0 0 −
√
3 1 0 0 0 0
1 −
√
3 0 0 0 0 0 0
−
√
3 −1 0 0 0 0 0 0


, ΣR2 =
1
4


0 0 0 0 1 −
√
3 0 0
0 0 0 0 −
√
3 −1 0 0
0 0 0 0 0 0 1
√
3
0 0 0 0 0 0
√
3 −1
−1
√
3 0 0 0 0 0 0√
3 1 0 0 0 0 0 0
0 0 −1 −
√
3 0 0 0 0
0 0 −
√
3 1 0 0 0 0


,
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ΣR3 =
1
4


0 0 1 −
√
3 0 0 0 0
0 0
√
3 1 0 0 0 0
−1 −
√
3 0 0 0 0 0 0√
3 −1 0 0 0 0 0 0
0 0 0 0 0 0 2 0
0 0 0 0 0 0 0 2
0 0 0 0 −2 0 0 0
0 0 0 0 0 −2 0 0


and we have
[ΣLj ,Σ
L
k ] = −ǫijkΣLi , [ΣRj ,ΣRk ] = −ǫijkΣRi , [ΣLi ,ΣRj ] = 0, i, j, k = 1, 2, 3.
Of ourse the Lie algebra representation ρ′ is the derivative of the 8-dimensional
representation ρ of SU(2)× SU(2) onsidered in (9.7).
Now, we dene the SU(2) × SU(2) struture on an 8-manifold as a struture
equipped with the Riemannian metri g an the 6-tensor Υ, whih in an orthonor-
mal oframe θI is given by Υ = ΥIJKLMNθ
IθJθKθLθMθN with ΥIJKLMN of (9.9).
Having this, we may use the above proposition (and the basis of
∧2
6 = su(2)⊕su(2)
given above) as the starting point for addressing the question about the desrip-
tion of suh strutures in terms of (su(2) ⊕ su(2))-valued onnetions. Regard-
less of the open question if and when the harateristi onnetion for suh stru-
tures exists, the torsionless models here will loally be isometri to the symmetri
spaes G2/(SU(2)×SU(2)), R8 = [(SU(2)×SU(2))×ρR8]/(SU(2)×SU(2)) and
G22/(SU(2)× SU(2)) with the standard SU(2)× SU(2) struture on them.
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Appendix A. Basae for the nk-dimensional representations of the Lie
algebras hk
Here we give the expliit formulae for the generi elementsXnk of the Lie algebras
hk in terms of the nk × nk antisymmetri matries. We denote the basis of the Lie
algebra hk by Eα, α = 1, 2, . . . , dimHk and write
Xnk = x
αEα.
The expliit form of the matries Eα for eah value of nk = 5, 8, 14 and 26 an be
read o from the formulae below.
For nk = 5 we have:
(A-1) X5 =


0 −x1 −x2 −x3 −√3x3
x1 0 −x3 x2 −√3x2
x2 x3 0 2x1 0
x3 −x2 −2x1 0 0
√
3x3
√
3x2 0 0 0

 .
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For nk = 8 we have:
(A-2) X8 =


0 −x1 −x2 −x3 −√3x3 −x4 −x5 −x6
x1 0 −x3 x2 −√3x2 −x5 −x4−x7 −x
8
√
3
x2 x3 0 2x1 0 x6 − x
8
√
3
−x7
x3 −x2 −2x1 0 0 − x
8
√
3
−x6 −2x5
√
3x3
√
3x2 0 0 0 −x8 √3x6 0
x4 x5 −x6 x
8
√
3
x8 0 −x1 x2
x5 x4+x7
x8
√
3
x6 −√3x6 x1 0 −x3
x6
x8
√
3
x7 2x5 0 −x2 x3 0


.
For nk = 14 we have:
(A-3) X14 =


0 −x1 −x2 −x3 −√3x3 −x4 −x5 −x6 −x9 −x10 −x11 −x12 −x13 −x14
x1 0 −x3 x2 −√3x2 −x5 −x4−x7 −x
8
√
3
−x11 −x12 −x9−x15 −x10−x16 −x
17
√
3
−x
18
√
3
x2 x3 0 2x1 0 x6 −x
8
√
3
−x7 x13 x14 −x
17
√
3
−x
18
√
3
−x15 −x16
x3 −x2 −2x1 0 0 − x
8
√
3
−x6 −2x5 −x
17
√
3
−x
18
√
3
−x13 −x14 −2x11 −2x12
√
3x3
√
3x2 0 0 0 −x8 √3x6 0 −x17 −x18 √3x13 √3x14 0 0
x4 x5 −x6 x
8
√
3
x8 0 −x1 x2 −x19 −x20 x12 −x11 −x14 x13
x5 x4+x7
x8
√
3
x6 −√3x6 x1 0 −x3 x12 −x11 x16−x19 −x15−x20 −x
18
√
3
x17
√
3
x6
x8
√
3
x7 2x5 0 −x2 x3 0 −x14 x13 −x
18
√
3
x17
√
3
z10 −z9
x9 x11 −x13 x
17
√
3
x17 x19 −x12 x14 0 x21 −x1 x5 x2 −x6
x10 x12 −x14 x
18
√
3
x18 x20 x11 −x13 −x21 0 −x5 −x1 x6 x2
x11 x9+x15
x17
√
3
x13 −√3x13 −x12 −x16+x19 x
18
√
3
x1 x5 0 x7+x21 −x3 −x
8
√
3
x12 x10+x16
x18
√
3
x14 −√3x14 x11 x15+x20 −x
17
√
3
−x5 x1 −x7−x21 0 x
8
√
3
−x3
x13
x17
√
3
x15 2x11 0 x14
x18
√
3
−z10 −x2 −x6 x3 − x
8
√
3
0 z4
x14
x18
√
3
x16 2x12 0 −x13 −x
17
√
3
z9 x6 −x2 x
8
√
3
x3 −z4 0


,
where z4 = x4 + x7 + x21, z9 = x9 + x15 + x20, z10 = x10 + x16 − x19.
The size of the formula forX14 fores us to skip the 26-dimensional representation
of f4. It an be easily obtained by looking for the Lie algebra element stabilizing
Υ1 of Proposition 2.2.
Appendix B. A 5-form reduing GL(14,R) to Sp(3) ⊂ SO(14)
An expliit expression for a non-zero element φ of the only 1-dimensional Sp(3)-
invariant subspae in
∧5 14⊙2
14 is written below. This 5-form redues GL(14,R)
to Sp(3) ⊂ SO(3) and, in the adpated oframe of Setion 5, ontains 129 terms as
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follows:
φ =
120
√
3 θ1 ∧ θ2 ∧ θ3 ∧ θ4 ∧ θ5 − 240
√
3 θ1 ∧ θ2 ∧ θ5 ∧ θ6 ∧ θ7 − 192
√
3 θ1 ∧ θ2 ∧ θ5 ∧ θ9 ∧ θ11 −
144
√
3 θ1 ∧ θ2 ∧ θ5 ∧ θ10 ∧ θ12 − 72 θ1 ∧ θ2 ∧ θ6 ∧ θ9 ∧ θ14 + 144 θ1 ∧ θ2 ∧ θ6 ∧ θ10 ∧ θ13 −
54 θ1 ∧ θ2 ∧ θ7 ∧ θ11 ∧ θ14 + 72 θ1 ∧ θ2 ∧ θ7 ∧ θ12 ∧ θ13 − 360 θ1 ∧ θ2 ∧ θ8 ∧ θ9 ∧ θ10 −
162 θ1 ∧ θ2 ∧ θ8 ∧ θ11 ∧ θ12 − 18 θ1 ∧ θ2 ∧ θ8 ∧ θ13 ∧ θ14 − 360 θ1 ∧ θ3 ∧ θ4 ∧ θ6 ∧ θ8 −
144 θ1 ∧ θ3 ∧ θ4 ∧ θ9 ∧ θ13 − 72 θ1 ∧ θ3 ∧ θ4 ∧ θ10 ∧ θ14 − 120
√
3 θ1 ∧ θ3 ∧ θ5 ∧ θ6 ∧ θ8 −
48
√
3 θ1 ∧ θ3 ∧ θ5 ∧ θ9 ∧ θ13 − 24
√
3 θ1 ∧ θ3 ∧ θ5 ∧ θ10 ∧ θ14 − 216 θ1 ∧ θ3 ∧ θ6 ∧ θ9 ∧ θ12 +
288 θ1 ∧ θ3 ∧ θ6 ∧ θ10 ∧ θ11 − 360 θ1 ∧ θ3 ∧ θ7 ∧ θ9 ∧ θ10 − 162 θ1 ∧ θ3 ∧ θ7 ∧ θ11 ∧ θ12 −
18 θ1 ∧ θ3 ∧ θ7 ∧ θ13 ∧ θ14 − 54 θ1 ∧ θ3 ∧ θ8 ∧ θ11 ∧ θ14 + 72 θ1 ∧ θ3 ∧ θ8 ∧ θ12 ∧ θ13 +
120
√
3 θ1 ∧ θ4 ∧ θ5 ∧ θ7 ∧ θ8 + 36
√
3 θ1 ∧ θ4 ∧ θ5 ∧ θ11 ∧ θ13 + 12
√
3 θ1 ∧ θ4 ∧ θ5 ∧ θ12 ∧ θ14 −
720 θ1 ∧ θ4 ∧ θ6 ∧ θ9 ∧ θ10 − 18 θ1 ∧ θ4 ∧ θ6 ∧ θ13 ∧ θ14 − 72 θ1 ∧ θ4 ∧ θ8 ∧ θ9 ∧ θ14 +
144 θ1 ∧ θ4 ∧ θ8 ∧ θ10 ∧ θ13 − 720
√
3 θ1 ∧ θ5 ∧ θ6 ∧ θ9 ∧ θ10 − 108
√
3 θ1 ∧ θ5 ∧ θ6 ∧ θ11 ∧ θ12 −
6
√
3 θ1 ∧ θ5 ∧ θ6 ∧ θ13 ∧ θ14 − 144
√
3 θ1 ∧ θ5 ∧ θ7 ∧ θ9 ∧ θ12 + 192
√
3 θ1 ∧ θ5 ∧ θ7 ∧ θ10 ∧ θ11 −
24
√
3 θ1 ∧ θ5 ∧ θ8 ∧ θ9 ∧ θ14 + 48
√
3 θ1 ∧ θ5 ∧ θ8 ∧ θ10 ∧ θ13 + 144 θ1 ∧ θ6 ∧ θ7 ∧ θ9 ∧ θ13 +
72 θ1 ∧ θ6 ∧ θ7 ∧ θ10 ∧ θ14 + 288 θ1 ∧ θ6 ∧ θ8 ∧ θ9 ∧ θ11 + 216 θ1 ∧ θ6 ∧ θ8 ∧ θ10 ∧ θ12 −
54 θ1 ∧ θ9 ∧ θ10 ∧ θ11 ∧ θ14 + 72 θ1 ∧ θ9 ∧ θ10 ∧ θ12 ∧ θ13 − 360 θ2 ∧ θ3 ∧ θ4 ∧ θ7 ∧ θ8 −
108 θ2 ∧ θ3 ∧ θ4 ∧ θ11 ∧ θ13 − 36 θ2 ∧ θ3 ∧ θ4 ∧ θ12 ∧ θ14 + 120
√
3 θ2 ∧ θ3 ∧ θ5 ∧ θ7 ∧ θ8 +
36
√
3 θ2 ∧ θ3 ∧ θ5 ∧ θ11 ∧ θ13 + 12
√
3 θ2 ∧ θ3 ∧ θ5 ∧ θ12 ∧ θ14 − 360 θ2 ∧ θ3 ∧ θ6 ∧ θ9 ∧ θ10 −
162 θ2 ∧ θ3 ∧ θ6 ∧ θ11 ∧ θ12 − 18 θ2 ∧ θ3 ∧ θ6 ∧ θ13 ∧ θ14 − 216 θ2 ∧ θ3 ∧ θ7 ∧ θ9 ∧ θ12 +
288 θ2 ∧ θ3 ∧ θ7 ∧ θ10 ∧ θ11 − 72 θ2 ∧ θ3 ∧ θ8 ∧ θ9 ∧ θ14 + 144 θ2 ∧ θ3 ∧ θ8 ∧ θ10 ∧ θ13 +
120
√
3 θ2 ∧ θ4 ∧ θ5 ∧ θ6 ∧ θ8 + 48
√
3 θ2 ∧ θ4 ∧ θ5 ∧ θ9 ∧ θ13 + 24
√
3 θ2 ∧ θ4 ∧ θ5 ∧ θ10 ∧ θ14 +
324 θ2 ∧ θ4 ∧ θ7 ∧ θ11 ∧ θ12 + 18 θ2 ∧ θ4 ∧ θ7 ∧ θ13 ∧ θ14 + 54 θ2 ∧ θ4 ∧ θ8 ∧ θ11 ∧ θ14 −
72 θ2 ∧ θ4 ∧ θ8 ∧ θ12 ∧ θ13 − 144
√
3 θ2 ∧ θ5 ∧ θ6 ∧ θ9 ∧ θ12 + 192
√
3 θ2 ∧ θ5 ∧ θ6 ∧ θ10 ∧ θ11 −
240
√
3 θ2 ∧ θ5 ∧ θ7 ∧ θ9 ∧ θ10 − 324
√
3 θ2 ∧ θ5 ∧ θ7 ∧ θ11 ∧ θ12 − 6
√
3 θ2 ∧ θ5 ∧ θ7 ∧ θ13 ∧ θ14 −
18
√
3 θ2 ∧ θ5 ∧ θ8 ∧ θ11 ∧ θ14 + 24
√
3 θ2 ∧ θ5 ∧ θ8 ∧ θ12 ∧ θ13 + 108 θ2 ∧ θ6 ∧ θ7 ∧ θ11 ∧ θ13 +
36 θ2 ∧ θ6 ∧ θ7 ∧ θ12 ∧ θ14 + 288 θ2 ∧ θ7 ∧ θ8 ∧ θ9 ∧ θ11 + 216 θ2 ∧ θ7 ∧ θ8 ∧ θ10 ∧ θ12 +
24 θ2 ∧ θ9 ∧ θ11 ∧ θ12 ∧ θ14 − 48 θ2 ∧ θ10 ∧ θ11 ∧ θ12 ∧ θ13 + 120
√
3 θ3 ∧ θ4 ∧ θ5 ∧ θ6 ∧ θ7 +
96
√
3 θ3 ∧ θ4 ∧ θ5 ∧ θ9 ∧ θ11 + 72
√
3 θ3 ∧ θ4 ∧ θ5 ∧ θ10 ∧ θ12 + 72 θ3 ∧ θ4 ∧ θ6 ∧ θ9 ∧ θ14 −
144 θ3 ∧ θ4 ∧ θ6 ∧ θ10 ∧ θ13 + 54 θ3 ∧ θ4 ∧ θ7 ∧ θ11 ∧ θ14 − 72 θ3 ∧ θ4 ∧ θ7 ∧ θ12 ∧ θ13 +
360 θ3 ∧ θ4 ∧ θ8 ∧ θ9 ∧ θ10 + 162 θ3 ∧ θ4 ∧ θ8 ∧ θ11 ∧ θ12 + 72 θ3 ∧ θ4 ∧ θ8 ∧ θ13 ∧ θ14 +
24
√
3 θ3 ∧ θ5 ∧ θ6 ∧ θ9 ∧ θ14 − 48
√
3 θ3 ∧ θ5 ∧ θ6 ∧ θ10 ∧ θ13 − 18
√
3 θ3 ∧ θ5 ∧ θ7 ∧ θ11 ∧ θ14 +
24
√
3 θ3 ∧ θ5 ∧ θ7 ∧ θ12 ∧ θ13 + 120
√
3 θ3 ∧ θ5 ∧ θ8 ∧ θ9 ∧ θ10 − 54
√
3 θ3 ∧ θ5 ∧ θ8 ∧ θ11 ∧ θ12 +
108 θ3 ∧ θ6 ∧ θ8 ∧ θ11 ∧ θ13 + 36 θ3 ∧ θ6 ∧ θ8 ∧ θ12 ∧ θ14 + 144 θ3 ∧ θ7 ∧ θ8 ∧ θ9 ∧ θ13 +
72 θ3 ∧ θ7 ∧ θ8 ∧ θ10 ∧ θ14 − 6 θ3 ∧ θ9 ∧ θ12 ∧ θ13 ∧ θ14 + 12 θ3 ∧ θ10 ∧ θ11 ∧ θ13 ∧ θ14 −
18
√
3 θ4 ∧ θ5 ∧ θ6 ∧ θ11 ∧ θ14 + 24
√
3 θ4 ∧ θ5 ∧ θ6 ∧ θ12 ∧ θ13 − 24
√
3 θ4 ∧ θ5 ∧ θ7 ∧ θ9 ∧ θ14 +
48
√
3 θ4 ∧ θ5 ∧ θ7 ∧ θ10 ∧ θ13 − 72
√
3 θ4 ∧ θ5 ∧ θ8 ∧ θ9 ∧ θ12 + 96
√
3 θ4 ∧ θ5 ∧ θ8 ∧ θ10 ∧ θ11 +
144 θ4 ∧ θ6 ∧ θ8 ∧ θ9 ∧ θ13 + 72 θ4 ∧ θ6 ∧ θ8 ∧ θ10 ∧ θ14 − 108 θ4 ∧ θ7 ∧ θ8 ∧ θ11 ∧ θ13 −
36 θ4 ∧ θ7 ∧ θ8 ∧ θ12 ∧ θ14 − 18 θ4 ∧ θ9 ∧ θ10 ∧ θ13 ∧ θ14 + 3 θ4 ∧ θ11 ∧ θ12 ∧ θ13 ∧ θ14 −
192
√
3 θ5 ∧ θ6 ∧ θ7 ∧ θ9 ∧ θ11 − 144
√
3 θ5 ∧ θ6 ∧ θ7 ∧ θ10 ∧ θ12 + 48
√
3 θ5 ∧ θ6 ∧ θ8 ∧ θ9 ∧ θ13 +
24
√
3 θ5 ∧ θ6 ∧ θ8 ∧ θ10 ∧ θ14 + 36
√
3 θ5 ∧ θ7 ∧ θ8 ∧ θ11 ∧ θ13 + 12
√
3 θ5 ∧ θ7 ∧ θ8 ∧ θ12 ∧ θ14 +
108
√
3 θ5 ∧ θ9 ∧ θ10 ∧ θ11 ∧ θ12 − 6
√
3 θ5 ∧ θ9 ∧ θ10 ∧ θ13 ∧ θ14−
√
3 θ5 ∧ θ11 ∧ θ12 ∧ θ13 ∧ θ14 −
360 θ6 ∧ θ7 ∧ θ8 ∧ θ9 ∧ θ10 − 162 θ6 ∧ θ7 ∧ θ8 ∧ θ11 ∧ θ12 − 18 θ6 ∧ θ7 ∧ θ8 ∧ θ13 ∧ θ14 −
108 θ6 ∧ θ9 ∧ θ10 ∧ θ11 ∧ θ13 − 36 θ6 ∧ θ9 ∧ θ10 ∧ θ12 ∧ θ14 + 48 θ7 ∧ θ9 ∧ θ11 ∧ θ12 ∧ θ13 +
24 θ7 ∧ θ10 ∧ θ11 ∧ θ12 ∧ θ14 − 12 θ8 ∧ θ9 ∧ θ11 ∧ θ13 ∧ θ14 − 6 θ8 ∧ θ10 ∧ θ12 ∧ θ13 ∧ θ14.
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